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CURVES ON A SMOOTH SURFACE WITH POSITION VECTORS LIE IN
THE TANGENT PLANE
ABSOS ALI SHAIKH∗1 AND PINAKI RANJAN GHOSH2
Abstract. The present paper deals with a study of curves on a smooth surface whose position
vector always lies in the tangent plane of the surface and it is proved that such curves remain
invariant under isometry of surfaces. It is also shown that length of the position vector, tan-
gential component of the position vector and geodesic curvature of a curve on a surface whose
position vector always lies in the tangent plane are invariant under isometry of surfaces.
1. Introduction
The notion of rectifying curve was introduced by Chen [3] as a curve in the Euclidean space
such that its position vector always lies in the rectifying plane, and then investigated some
properties of such curves. For further properties of rectifying curves, the reader can be consulted
[6] and [8]. Again Ilarslan and Nesovic [7] studied the rectifying curves in Minkowski space and
obtained some of its characterization.
In [9] Camci et. al associated a frame different from Frenet frame to curves on a surface
and deduced some characterization of its position vector. In [4] and [5] the present authors
studied rectifying and osculating curves and obtained some conditions for the invariancy of such
curves under isometry. Also the invariancy of the component of position vector of rectifying
and osculating curves along the normal and tangent line to the surface are obtained under
isometry of surfaces.
Motivating by the above studies of curves whose position vectors are confined in some plane,
in this paper we have investigated curves on a smooth surface with position vector always lying
in the tangent plane of the smooth surface. By using the Gauss equation we have deduced
the component of the position vector along the tangent, normal and binormal vector in simple
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form. By considering isometry between two smooth surfaces it is proved that curves on smooth
surface whose position vector lies in the tangent plane are invariant. It is also shown that
the length of position vector, tangential component and geodesic curvature of such curves are
invariant under isomerty.
2. Preliminaries
This section is concerned with some preliminary notions of rectifying curves, osculating
curves, isometry of surfaces and geodesic curvature (for details see, [1], [2]) which will be
needed for the remaining.
At every point of an unit speed parametrized curve γ(s) with atleast fourth order continuous
derivative, there is an orthonormal frame of three vectors, namely, tangent, normal and binormal
vectors. Tangent, normal and binormal vectors are denoted by ~t, ~n and ~b. They are related by
the Serret-Frenet equation given as
t′(s) = κ n(s),
n′(s) = −κ t(s) + τ b(s),
b′(s) = −τ n(s),
where κ and τ are respectively the curvature and torsion of γ(s). Rectifying, osculating and
normal plane is generated by {~t,~b}, {~t, ~n} and {~n,~b} respectively. Curves whose position vector
contained in rectifying, osculating and normal plane are respectively called rectifying, osculating
and normal curves.
Definition 2.1. Let S and S¯ be smooth surfaces immersed in R3. Then a diffeomorphism
f : S → S¯ is called an isometry if the length of any curve on S is invariant under f .
Definition 2.2. Suppose γ(s) is any unit speed parametrized curve on a smooth surface S.
Then the tangent vector γ′(s) and the normal ~N to the surface are mutually orthogonal and
also γ′′(s) and γ′(s) are orthogonal. Hence γ′′(s) is represented by the the linear combination
of ~N × γ′(s) and ~N as
γ′′(s) = κg ~N × γ
′(s) + κn ~N.
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Then κg and κn are respectively called the geodesic curvature and normal curvature of γ(s) on
S given by the following:
κg = γ
′′ · ( ~N × γ′),
κn = γ
′′ · ~N.
3. Curves on a surface whose position vector lies in the tangent plane
Let S be a smooth surface and φ be a surface patch at any point p ∈ S. Let γ(s) be an unit
speed parametrized curve in φ passing through p ∈ S. Then the tangent space of S at p is
generated by two linearly independent vectors φu and φv, where φu =
∂φ
∂u
and φv =
∂φ
∂v
. If γ(s)
be a curve on S whose position vector lies in Tγ(s)S then the equation of γ(s) is given by
(3.1) γ(s) = λ(s)φu + µ(s)φv,
where λ(s) and µ(s) are two functions of s.
Differentiating equation (3.1) we get
γ′(s) = λ′φu + µ
′φv + λ(u
′φuu + v
′φuv) + µ(u
′φuv + v
′φvv).
The Gauss Equation for the surface patch φ of S with normal vector ~N is given by
(3.2)


φuu = Γ
1
11φu + Γ
2
11φv + L
~N,
φuv = Γ
1
12φu + Γ
2
12φv +M
~N,
φvv = Γ
1
22φu + Γ
2
22φv +N ~N,
where {L, M, N} are the coefficients of the second fundamental form of S, and the Christoffel
symbols Γkij are given by
Γ111 =
EuG− 2FuF + EvF
2(EG− F 2)
, Γ211 =
2FuE −EvE − EuF
2(EG− F 2)
,
Γ112 =
EvG−GuF
2(EG− F 2)
, Γ212 =
GuE −EvF
2(EG− F 2)
,
Γ111 =
2FvG−GuF −GuG
2(EG− F 2)
, Γ211 =
GvE − 2FvF +GuF
2(EG− F 2)
,
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where {E, F, G} are the coefficients of the second fundamental form of S. Using equation
(3.2) in equation (3.1) we get
~t = γ′(s) = {λ′ + u′λΓ111 + (v
′λ+ u′µ)Γ112 + v
′µΓ122}φu + {µ
′ + u′λΓ211 + (v
′λ+ u′µ)Γ212
+v′µΓ222}φv + {u
′λL+ v′λM + u′µM + v′µN} ~N,
i.e.,
~t = A1φu + A2φV + A3 ~N,
where A1, A2 and A3 are respectively given by
(3.3)


A1 = λ
′ + u′λΓ111 + (v
′λ+ u′µ)Γ112 + v
′µΓ122,
A2 = µ
′ + u′λΓ211 + (v
′λ+ u′µ)Γ212 + v
′µΓ222,
A3 = u
′λL+ v′λM + u′µM + v′µN.
But the tangent plane is generated by φu and φv, hence
u′λL+ v′λM + u′µM + v′µN = 0,
λ
µ
= −
u′L+ v′M
u′M + v′N
.
So the tangent vector of γ(s) is given by
~t = A1φu + A2φv.
Here we consider that the curvature κ of γ is always positive. The normal vector ~n is given by
~n =
1
κ
[A′1φu + A
′
2φv + A1(φuuu
′ + φuvv
′) + A2(φuvu
′ + φvvv
′)],
=
1
κ
{B1φu +B2φv +B3 ~N},
where B1, B2 and B3 are respectively given by
(3.4)


B1 = A
′
1 + u
′A1Γ
1
11 + (v
′A1 + u
′A2)Γ
1
12 + v
′Γ122A2,
B2 = A
′
2 + u
′A1Γ
2
11 + (v
′A1 + u
′A2)Γ
2
12 + v
′Γ222A2,
B3 = u
′A1L+ (v
′A1 + u
′A2)M + v
′A2N.
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Now the binormal vector ~b of γ(s) is given by
(3.5) ~b =
1
κ
{(A1B2 − A2B1) ~N + A1B3(Fφu − Eφv) + A2B3(Gφu − Fφv)}.
Theorem 3.1. Let γ(s) be an unit speed parametrized curve on S whose position vector lies in
the tangent plane Tγ(s)S. Then the following statements hold:
(i) The distance function ρ = ‖γ‖ is given by ρ = λ2E + 2λµF + µ2G.
(ii) The tangential component of the position vector of the curve γ(s) is given by
〈~t, γ〉 = λA1E + (λA2 + µA1)F + µA2G.
(iii) The normal component of the position vector is given by
〈~n, γ〉 =
1
κ
(λB1E + (λB2 + µB1)F + µB2G).
(iv) The component of the position vector along binormal vector is given by
〈~b, γ〉 =
1
κ
{A1B3µ(F
2 −EG) + A2B3λ(EG− F
2)},
where {A1, A2, A3} and {B1, B2, B3} are described in equations (3.3) and (3.4) respectively.
Proof. Let γ(s) be an unit speed parametrized curve on S whose position vector lies in the
tangent plane Tγ(s)S and curvature κ > 0. Then
γ(s) = λφu + µφv.
Therefore
ρ = 〈γ, γ〉 = 〈λφu + µφv, λφu + µφv〉,
= λ2〈φu, φu〉+ λµ〈φu, φv〉+ λµ〈φv, φu〉+ µ〈φv, φv〉,
= λ2E + 2λµF + µ2G.
Which proves (i).
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The component of γ along the tangent vector is obtained as
〈~t, γ〉 = 〈A1φu + A2φv, λφu + µφv〉,
= λA1〈φu, φu〉+ λA2〈φu, φv〉+ µA1〈φv, φu〉+ µA2〈φv, φv〉,
= λA1E + (λA2 + µA1)F + µA2G,
where A1, A2, A3 are given in equation (3.3). This proves (ii).
We also find the component of γ along the normal vector, which is given by
〈~n, γ〉 = 〈
1
κ
{B1φu +B2φv +B3 ~N, λφu + µφv〉,
=
1
κ
{λB1〈φu, φu〉+ λB2〈φu, φv〉+ µB1〈φv, φu〉+ µB2〈φv, φv〉},
=
1
κ
(λB1E + (λB2 + µB1)F + µB2G),
where B1, B2, B3 are given in equation (3.4). Hence statement (iii) is proved.
Again the component of γ along the binormal vector is given by
〈~b, γ〉 = 〈
1
κ
{(A1B2 − A2B1) ~N + A1B3(Fφu − Eφv) + A2B3(Gφu − Fφv)}, λφu + µφv〉,
=
1
κ
{A1B3(Fλ〈φu, φu〉+ Fµ〈φu, φv〉 − Eλ〈φu, φv〉 − Eµ〈φv, φv〉) + A2B3(Gλ〈φu, φu〉
−Fλ〈φv, φu〉+Gµ〈φu, φu〉 − Fµ〈φv, φv〉)},
=
1
κ
{A1B3µ(F
2 −EG) + A2B3λ(EG− F
2)},
where A1, A2, A3, B1, B2, B3 are given in equation (3.3) and (3.4). Thus statement (iv) is
proved. 
Now suppose that S¯ is an another surface isometric to S and f : S → S¯ is the isometry.
Then the curve f ◦ γ(s) in S¯ is expressed as
γ¯(s) = f ◦ γ(s) = f(λφu + µφv),
= λf∗(φu) + µf∗(φv),
= λ(φ¯u) + µ(φ¯v),(3.6)
for some smooth functions λ and µ. The position vector of γ¯ lies in Tf(p)S¯. Hence the isometry
f transforms a curve on a surface with position vector in the tangent plane to the same and
CURVES ON A SMOOTH SURFACE WITH POSITION VECTORS LIE IN THE TANGENT PLANE 7
λ, µ does not change under f . Hence
u′L+ v′M
u′M + v′N
=
u′L¯+ v′M¯
u′M¯ + v′N¯
,
u′2(LM¯ − L¯M) + v′2(MN¯ − M¯N) + u′v′(LN¯ − L¯N) = 0,
where {L, M, N} and {L¯, M¯, N¯} are the coefficients of the second fundamental form of S
and S¯ respectively.
Theorem 3.2. Let f : S → S¯ be an isometry and the position vector of two curves γ(s) and
γ¯(s) lies in TpS and Tf(p)S¯ respectively. Then the following statements hold:
(i) The distance function ρ = ‖γ‖ is invariant under the isometry. i.e., γ(s) = γ¯(s).
(ii) The tangential component of the position vector of the curve γ(s) is invariant under the
isometry f . i.e., 〈~t, γ〉 = 〈~¯t, γ¯〉.
(iii) The geodesic curvature of γ is invariant under the isometry f .
Proof. Let f : S → S¯ be an isometry. Since φ(u, v) is a surface patch for the surface S at p,
hence φ¯(u, v) = f ◦ φ(u, v) is also a surface patch for S¯ . Suppose {E, F,G} and {E¯, F¯, G¯} are
the coefficients of first fundamental forms of φ and φ¯ respectively. Then we have
(3.7) E¯ = E, F¯ = F and G¯ = G.
Differentiating first relation of equation (3.7) we get
(3.8) E¯u =
∂
∂u
(φ¯u · φ¯u) =
∂
∂u
(φu · φu) = Eu.
Similarly
(3.9)


F¯u = Fu, G¯u = Gu, E¯v = Ev,
F¯v = Fv, and G¯v = Gv.
Now using (3.7) we have
ρ = λ2E + 2λµF + µ2G
= λ2E¯ + 2λµF¯ + µ2G¯
= ρ¯.
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Hence the statement (i) is proved.
Since A¯1 and A¯2 are functions of λ, µ and Christoffel symbols, hence by virtue of the equations
(3.7), (3.8) and (3.9) we see that A¯1 and A¯2 are invariant under the isometry f . Thus
〈~¯t, γ¯〉 = ¯λA1E¯ + (λA¯2 + µ¯A¯1)F¯ + µ¯A¯2G¯,
= λA1E + (λA2 + µA1)F + µA2G,
= 〈~t, γ〉.
This proves (ii).
Now
κg = γ
′′ · ( ~N × γ′),
= γ′′{(φu × φv)× (A1φu + A2φv)},
= γ′′ · {A1(Eφv − Fφu) + A2(Fφv −Gφu)},
= (B1φu +B2φv +B3 ~N) · {A1(Eφv − Fφu) + A2(Fφv −Gφu)},
= B1A1(EF − FE) +B1A2(F
2 −EG) +B2A1(EG− F
2) + A2B2(FG−GF ),
= (B1A2 − B2A1)(F
2 −GE).
Since γ¯ is also a curve whose position vector lies in the tangent plane Tf(p)S¯ of S¯, hence
κ¯g = (B¯1A¯2 − B¯2A¯1)(F¯
2 − G¯E¯).
Since B¯1 and B¯2 are the functions of A¯1, A¯2, A¯
′
1, A¯
′
2 and Christoffel symbols, so by using the
equations (3.7), (3.8) and (3.9) we can say that B¯1 and B¯2 are invariant under the isometry f .
In view of (3.7), the last equation yields
κ¯g = κg,
which proves (iii). 
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